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Abstract. This article examines the development of a Hybrid Spectral Fractal Model 

(HSFM) for jewelry. The article describes the theoretical foundations and mathematical 

expression of the HSFM. The model combines three main components: parametric 

surfaces, fractal structures, and an implicit shell. Parametric surfaces provide the basic 

shape of the object, while fractal structures exhibit refined complexity and meet the 

requirements of implicit shell manufacturing. The model provides a complete solution for 

jewelry design, combining methods of differential geometry, fractal theory, and implicit 

modeling. Based on the model, the results obtained for various iteration n values are 

presented graphically. 
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The following discusses the development of the Hybrid Spectral Fractal Model (HSFM) 

and its computational experiments. The HSFM algorithm is implemented through a 

sequence of six core stages [1,2]. Each stage involves a precise series of mathematical 

operations and builds upon the results of the preceding step. The algorithm operates on a 

discrete grid structure and leverages the efficiency of the Fast Fourier Transform (FFT). 

In the first stage, the parametric surface ( )P ,u v  is discretized using an M N  grid, and 

independent white noise values are generated at each grid point: 

( ), 0,1 ,   0,1, , 1,   0,1, , 1.m n m M n N  =  − =  −                         (1) 

where (0,1)  represents a standard normal distribution with zero mean and unit 

variance. The probability density function (PDF) of the normal distribution is defined as 

follows: 

( )
21

exp .
22

x
p x



 
= − 

 
                                           (2) 

Spectrally, white noise possesses equal power across all frequencies (a flat spectrum), 

making it an ideal starting material for spectral shaping [3,4]. 
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In the second stage, the white noise field is transformed from the spatial 

domain to the frequency domain [5,6]. A two-dimensional Discrete Fourier 

Transform (2D DFT) is applied as follows: 

1 1

, ,0 0

ln
ˆ exp 2 .

M N

k l m nm n

km
i

M N
  

− −

= =

  
=  − −  

  
                                 (3) 

where 0,1,..., 1k M= −  and 0,1,... 1l N= − - frequency indices, ,
ˆ

k l  - complex Fourier 

coefficient. 1i = −  - abstract unit. 

Direct application of the Discrete Fourier Transform formula has a computational 

complexity of ( )2 2O M N . Instead, the Fast Fourier Transform (FFT) algorithm is utilized 

[7,8]. The FFT reduces the computational complexity to ( )logO MN MN   . The frequency 

coordinates are defined as follows: 
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where 1/u M =  va 1/v N = - discretization steps in parametric space.           

max / =   - determines the maximum sampling frequency [9]. 

In the third stage, each frequency component is weighted via a spectral shaping filter. 

First, the radial frequency is calculated. 

( ) ( ) ( ), 2 2( ) ( ) .
k l k l

r u v  = +                                        (4) 

Then, a spectral shaping filter is applied: 

( )( )
, /4

, 2 2

min

,

( )
k l

k l

r

A
H



 
=

+

                                        (5) 

where A  - normalization constant, [2,4]   - spectral slope,                     max0.1r =   

- minimum frequency limit.  

The normalization constant is calculated according to Parseval’s theorem [10]: 
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Spectral formation is applied: 

, , ,
ˆ ˆ

k l k l k lHg =                                                 (6) 

This is an element-by-element multiplication and the multiplication in the frequency 

domain is equivalent to the convolution in the spatial domain (the convolution theorem). 

In the fourth stage, a technological low-permeability filter is used. This filter removes 

structures smaller than the minimum detail size of the selected manufacturing technology. 

Technological filter in Gaussian form: 

( ), 2

, 2

( )
  exp ,
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k l
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k l
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T

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where is the cutting frequency:                
min

2
,cut

d


 =  

mind   - the minimum detail size of a technology. 

Technological filtering is applied: 

, , ,
ˆ ˆ
k l k l k lT gf =                                                (7) 

In the fifth step, the filtered signal is returned to the spatial domain. The inverse discrete 

Fourier transform is applied: 
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The result of the inverse discrete Fourier transform can generally be a complex number. 

However, since the initial signal is real and symmetric filters are used, the complex part 

will be small at the level of computational error. Therefore, only the actual part is taken: 

( )  ,, , ,R .ˆe k

real

m n km n l lH Tf f =                                       (8) 

In practical programming, the inverse fast Fourier transform algorithm is used, and the 

computational complexity is ( )logO MN MN    . 

In the final stage, the obtained fractal field is applied to a parametric surface. The field 

will be normalized to the range [0,1]  first: 

, min

,

max min

.

real

m n

m n

f f
f

f f

−
=

−
  

hare ( )

min ,min real

m nf f=  and ( )

max ,max real

m nf f= .  



European science international conference: 

THEORY OF SCIENTIFIC RESEARCHES OF WHOLE WORLD 

   

100 
 
 

 

Saturation process restricts too large values:   

( ) ( )( ), min max ,max ,min , ,
sat

m n m nf t t f=                                  (9) 

where min 0.05t =  and max 0.95t =  are saturation limits. This prevents very deep 

depressions or high peaks on the surface. 

 (9) – according to formulas (10) as follows [11, 12]: 

( ) ( ) ( )*

, , , , ,
ˆS ., , n

sat

m n m n m n m n m nS u v A u v f= +    

where: ( ), ,m n m nS S u v= - base surface, ( ),A u v - lokal amplituda, ,
ˆ

m nn - surface normal. 

( ) ( ) ( ) ( ) ( ) ( )( )( )
( )

*

max area ovr min max ,S , , , , , max ,min ,

n̂ , .

t m nu v S u v A A u v A u v A u v t t f

u v

= +    




   (10*) 

Formula (10*) represents the GSFM, which smoothly combines the embossed surface 

and the shell in accordance with technological requirements, providing a ready-made 

geometry for production. 

    

a) b) c) d) 

2.2 = , 

min 0.1d mm=

CNC, 

0.3h mm=  

3.0 = , 

min 0.2d mm=

,FDM, 

0.8h mm= . 

3.6 = , 

min 0.5d mm=

quyma 

0.25h mm=  

𝛽 = 3.2, 𝑑min =

0.3 mm, SLS, 

ℎ = 0.7 mm. 

Figure 1. Fractal rings developed based on GSFM 

Correction to account for technological limitations. 

e tech  = +                                                   (11) 

where * is the additional smoothness for low-precision technologies [13, 14]. 

Spectral accuracy verification: 

100%
t e

t



 




−
=   

2%   achieved for GSFM. 

In this section, a complete numerical solution of the GSFM was developed and tested. 

A six-stage algorithm was described, consisting of white noise generation, rapid Fourier 

transform, spectral formation, technological filtering, IFFT, and parametric surface 
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application. Samples of fractal jewelry were developed based on the GSFM 

algorithm (see Fig. 1). 

Conclusion 

In this section, a complete numerical solution of the GSFM model was developed and 

tested. An algorithm consisting of 6 stages is described: white noise generation, FFT, 

spectral formation, technological filtering, IFFT, and parametric surface application. The 

computational complexity is ( )( )logO MN MN , and in practical experiments, the GPFIM 

model operates 2 times faster. 

The GSFM model provides high-quality, predictable, and efficient fractal texture 

generation for jewelry. The model automatically adapts to various production technologies 

and is ready for use in professional design processes. 

 

REFERENCES 

 

[1]  Benoit M., Michael F. Fractals, Graphics, and Mathematics Education. Cambridge 

University Press, 20 Jun 2002.  

[2] Anarova S., Ibrokhimova, Z., Berdiev, G. An Algorithm for Constructing Equations 

of Geometry Fractals Based on Theories of R-functions 4th International Symposium on 

Multidisciplinary Studies and Innovative Technologies Ismsit 2020 Proceedings, 2020, 

9254635 

[3] Anarova S.A., Ibrohimova, Z.E. Methods of Constructing Equations for Objects of 

Fractal Geometry and R Function Method. Lecture Notes in Computer Science Including 

Subseries Lecture Notes in Artificial Intelligence and Lecture Notes in Bioinformatics, 

2022, 13184 LNCS, страницы425–436 

[4] Anarova Sh.A., Ibrohimova, Z.E., Mirzaakhmedova, S.K., Ibodullayeva, F.U. Of 

automated fractal shape drawing software for manufacturing enterprises based on 

kaleidoscopic repeated function system. Proceedings of SPIE the International Society for 

Optical Engineering, 2025, 13651, 136510O 

[5] Ibrohimova Z.E., Mirzaakhmedova S.K., Samidov M.N.,  Qarshiboyev J. 

Development of a Mathematical Model and Algorithm to Automate the Creation of 2D and 

3D Fractals Using the Inversion Algorithm for Circular Shapes // Second International 

Scientific and Practical Conference on “Actual Problems of Mathematical Modeling and 

Information Technology APMMIT2024”. AIP Conf. Proc. 3377 020022(2025) 

doi.org/10.1063/12.0039235. - P. 020022-1 - 020022-10. 

[6] Piegl L. and Tiller W. The NURBS Book, 2nd ed. Berlin, Germany: Springer-Verlag, 

1997. –Pp. 700-856. 

https://doi.org/10.1063/12.0039235


European science international conference: 

THEORY OF SCIENTIFIC RESEARCHES OF WHOLE WORLD 

   

102 
 
 

 

[7] Voss R.F. «Random fractal forgeries,» in Fundamental Algorithms for 

Computer Graphics, R. A. Earnshaw, Ed. Berlin, Germany: Springer-Verlag, 

1985, pp. 805–835.  

[8] Falconer K. Fractal Geometry: Mathematical Foundations and Applications, 2nd 

ed. Chichester, UK: John Wiley & Sons, 2003. - Pp. 150-200.     

[9] Saupe D. «Algorithms for random fractals» in The Science of Fractal Images, H.-O. 

Peitgen and D. Saupe, Eds. New York, NY, USA: Springer-Verlag, 1988, pp. 71–136.  

[10] Farin G. Curves and Surfaces for CAGD: A Practical Guide, 5th ed. San Francisco, 

CA, USA: Morgan Kaufmann, 2002.-Pp. 356-500. 

[11] Anarova Sh.A., Mirzaaxmedova S.K., Amonova O.A. Fraktal zargarlik 

buyumlarini parametrik dizayn asosida qurish // III - international scientific conference 

“Scientific foundations of raising the use of information technologies to a new level and 

modern problems of automation”. Tashkent - 2024. –B. 582-589 

[12] Anarova Sh.A., Mirzaaxmedova S.K. Zargarlik buyumlarini fraktallar asosida 

geometrik modellashtirish // “Raqamli  iqtisodiyot  va  sun’iy  intellekt  texnologiyalarining  

jamiyat  rivojlanishidagi  ahamiyati” mavzusidagi xalqaro ilmiy-amaliy konferensiya. 

Toshkent - 2024. –B. 2104-2107 

[13]Andrew M. Terrain Generation Using Fractal Methods // Aberdeen Proving Ground. 

2001. - Pp. 1–5. 

[14] Maryam R. Fractal and surface modeling // ISPRS. 2004. –Pp. 1–15. 

 

  

 

 

https://www.researchgate.net/profile/Maryam-Rahnemoonfar?_tp=eyJjb250ZXh0Ijp7ImZpcnN0UGFnZSI6InB1YmxpY2F0aW9uIiwicGFnZSI6InB1YmxpY2F0aW9uIn19

