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Annotation: This paper examines the geometric properties of regular polygons,
focusing on the derivation and application of formulas for perimeter and area. It explains
how a regular polygon, defined by equal sides and equal angles, can be analyzed using
both algebraic and trigonometric approaches. The study presents the standard formulas

for the perimeter
na?
4tan (m/n)’
through decomposition into congruent triangles.

In addition, the paper investigates Ptolemy’s Theorem, a classical result in Euclidean

geometry that establishes a relationship between the sides and diagonals of a cyclic

P =n-aand the area A = showing how these expressions are derived

quadrilateral. The theorem is stated and interpreted geometrically, emphasizing its
significance in solving complex geometric problems and proving trigonometric identities.
The connection between regular polygons inscribed in a circle and Ptolemy’s Theorem is
also discussed, highlighting its broader mathematical relevance.

The research demonstrates that both topics are fundamental in understanding spatial
structures, symmetry, and mathematical reasoning. These concepts are widely applicable
in fields such as architecture, engineering, computer graphics, and mathematical
modeling.
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Introduction

Geometry is one of the oldest and most fundamental branches of mathematics, playing
an essential role in understanding shapes, sizes, and spatial relationships. Among geometric
figures, regular polygons occupy a special place due to their symmetry and uniform
structure. A regular polygon is defined as a polygon in which all sides are equal in length
and all interior angles are equal. This high level of symmetry makes regular polygons an

important object of study in both classical and modern mathematics.
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The investigation of regular polygons involves determining key properties
such as perimeter and area. These properties are not only important in theoretical
mathematics but also have practical applications in fields such as engineering, architecture,
computer graphics, and design. The formulas for the perimeter and area of regular polygons
demonstrate the deep relationship between algebraic expressions and geometric structures,
especially when trigonometric functions are involved.

Another significant concept in classical geometry is Ptolemy’s Theorem. This theorem
establishes a relationship between the sides and diagonals of a cyclic quadrilateral,
providing a powerful tool for solving geometric problems. It also serves as a bridge
between Euclidean geometry and trigonometry, showing how circular configurations can
be analyzed through algebraic relationships.

This paper aims to study the perimeter and area of regular polygons and to explore
Ptolemy’s Theorem in detail, highlighting their theoretical foundations and mathematical
significance.

Main Body

Regular Polygons and Their Properties

A regular polygon is a geometric figure with all sides of equal length and all interior
angles equal. If a regular polygon has nsides, it is called an n-gon. Due to its symmetry, a
regular polygon can be inscribed in a circle, where all vertices lie on the circumference of
the circle. The center of this circle is equidistant from all vertices, which allows the
introduction of important elements such as the radius and apothem. The apothem is defined
as the perpendicular distance from the center of the polygon to any of its sides. It plays a
key role in deriving the area of a regular polygon.

Perimeter of a Regular Polygon

The perimeter of any polygon is the sum of the lengths of its sides. Since all sides of a

regular polygon are equal, the perimeter can be expressed simply as:
P=n-a
where:

o Pis the perimeter,

o nis the number of sides,

o ais the length of one side.

This formula shows that the perimeter of a regular polygon grows linearly with both the
number of sides and the length of each side.

Area of a Regular Polygon

The area of a regular polygon can be derived by dividing it into nidentical isosceles
triangles, each with a vertex at the center of the polygon. The area of each triangle is:




I':lﬂ'()lb(“d]l science ilth,‘Tll‘ngi(}ll‘glI (,‘()llf(,‘l'(,‘ll(,‘(,‘Z

THEORY OF SCIENTIFIC RESEARCHES OF WHOLE WORLD

1
Atriangle = Ear

where ris the apothem. Summing all triangles gives:

A—lP
_2 r

This formula connects the perimeter and apothem directly to the area.
Alternatively, using trigonometry, the area can be written as:
na*
A e
4tan (1t /n)
This expression is especially useful when only the side length and number of sides are
known.

Ptolemy’s Theorem

Ptolemy’s Theorem is a classical result in Euclidean geometry that applies to cyclic
quadrilaterals (quadrilaterals inscribed in a circle). The theorem states:

AC -BD = AB-CD + BC - AD
This means that in a cyclic quadrilateral, the product of the diagonals equals the sum of the
products of opposite sides.

The theorem is significant because it establishes a deep connection between linear and
diagonal measurements in circular geometry. It is widely used in solving geometric
problems involving circles and cyclic figures.

Relationship Between Regular Polygons and Ptolemy’s Theorem

Regular polygons are closely related to cyclic figures because every regular polygon can
be inscribed in a circle. As a result, Ptolemy’s Theorem can be applied to specific cases of
regular polygons, especially when analyzing quadrilateral sections formed within them.

This relationship helps in deriving trigonometric identities and understanding the
geometric structure of polygons. It also demonstrates how classical geometry provides
tools for solving modern mathematical problems.

Conclusion

In conclusion, regular polygons represent one of the most important and well-structured
objects in Euclidean geometry due to their high level of symmetry and uniformity. The
study of their perimeter and area demonstrates how geometric properties can be expressed
through simple algebraic and trigonometric formulas. These relationships not only provide
a deeper understanding of polygonal structures but also show the strong connection
between geometry and trigonometry.

Furthermore, Ptolemy’s Theorem plays a significant role in classical geometry by
establishing a clear relationship between the sides and diagonals of a cyclic quadrilateral.
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This theorem enhances problem-solving skills in geometric constructions and
contributes to the development of trigonometric identities.

Overall, both regular polygons and Ptolemy’s Theorem are fundamental concepts that
form the basis of many advanced mathematical theories. Their applications in architecture,
engineering, computer graphics, and scientific modeling confirm their importance beyond
theoretical mathematics.
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