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Abstract. This paper studiés fbur fundamental theorems in Euclidean triangle
geometry: Ceva’s Theorem, Matblaus’ T heorem, YStewart’s Theorem, and Carnot’s
Theorem. In addition, key inequalities related to triangles are analyzed. The research
highlights their interconnectionssand applications in geometric problem-solving. These
classical results provide essentialitonls for.proving concurrence, collinearity, and metric
relationships in triangles. _ |

t.
Introduction © '~ . A 7

Triangle geometry is'one of the most developed branches of Euclidean geometry. Many
classical theorems describe relationships ‘between pomts,\ lines, and segments associated
with triangles. Among them, Ceva’s, Menelaus’, Stewart’s, and Carnot’s theorems play a
central role in solving both theoretical and applied georﬁé‘tric problems. These theorems
are widely used in mathematical competitions, advanced geometry, and analytical
problem-solving. In addition, triangle inequalities form a‘foundatlonal part of geometry,
ensuring the existence and”properties of triangles. This paper aims to analyze these
theorems and inequalities,\sh"f)'\i)ving their interrelations and applications.

Methods /;:j( >

The study is based on glassical Euclidean geometry methods, synthetic proofs, and
algebraic transformations, Each theorem is derived using proportionality relations, area
ratios, and coordinate-independent geometric reasonihMangle inequalities are analyzed
using algebraic constraints and geometric interpretations.

Results

Ceva’s Theorem

Ceva’s Theorem gives a condition for three cevians of a triangle to be concurrent. For
triangle ABC, if points D, E, Flie on BC, CA, AB, then:

BD CE AF _

DC EA FB
This condition ensures that lines AD, BE, CFintersect at a single point.

Menelaus’ Theorem

Menelaus’ Theorem provides a condition for collinearity. If a transversal intersects the
sides of triangle ABC, then:
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DC EA FB

This theorem is widely used to prove that points lie on a straight line.

Stewart’s Theorem

Stewart’s Theorem relates side lengths in a triangle with a cevian:

b?>m + ¢*n = a(d? + mn)

where:

e a=BC,b=CA,c=AB _ 3

« m,nare segment divisions/of BC

e disthe cevian length -~ / .

This theorem is essential for comiputing unknown"engths in triangle configurations.

Carnot’s Theorem &

Carnot’s Theorem generalizes-relationships_between perpendiculars dropped from a
point to the sides of a triangle/ It preyides c\oﬁditions for alignment and distance relations
and is often used in advanced Euclidean geomefry problems involving orthogonality.

Triangle Inequalltles

The fundamen,tal frlangle 1nequaht}kste;tes.

"a+b>ca+c>bb+c>a

Other important inequalities include: Y

Extended triangle inequality

Weitzenbock inequality e . ‘\1

)

Euler inequality (for trlangle\mradlus and circumradius)

These inequalities define the conditions under which a t;langle can exist and constrain
its geometric properties. 7 .

Discussion  § 7

The analyzed theorems are /irﬁ_m‘gnﬁected through the strf\é'ure of triangle geometry.
Ceva’s and Menelaus’ th€orems are dual concepts dealing with concurrency and
collinearity. Stewart’s Fheorem prov1des a metric extension useful in solving geometric
lengths, while Carnot’s Theorem links perpendlcular stritctures and distances.

Triangle inequalities ensure the feasibility of geometric constructions and are
fundamental in both Euclidean and non-Euclidean geometry.

Together, these results form a powerful toolkit for solving complex geometric problems
in mathematics, physics, and engineering.

Conclusion

Ceva, Menelaus, Stewart, and Carnot theorems represent core principles of triangle
geometry. They describe relationships between points, lines, and lengths in a triangle with
high precision. Along with triangle inequalities, they form a complete framework for

understanding geometric structure and solving advanced problems. Their applications

extend beyond pure mathematics into engineering design, computational geometry, and
optimization theory.
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