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Annotatsiya: Mazkur magolada integral tenglamalarni yechishning eng umumiy
usullaridan biri bo‘lgan ketma-ket yaginlashish usuli ya’ni funktsional qatorlar
yordamida yechim topish batafsil tahlil gilinadi. Volterra tipidagi integral tenglama
uchun ketma-ketlik orgali yechim \qurilizii bosqichma-bosqich ko ‘rib chigiladi.
Qatorning absolyut va tekisyaqinldshuv;}ni ta’ ’minlovchi shartlar asosida yagona yechim
mavjudligi isbotlanadi. Shuningdefbu us,u'1ning nazariy asoslari bilan birga yechimning
mavjudligi va yagonaligi to ‘g ‘risidagi teorema ham keltirilib, u isbotlanadi

Kalit so‘zlar: integral tenglama, -funksional-gator, ketma-ket yaqinlashish, tekis
yaginlashuv, yagona yechim, uzluksizlik.

Abstract: This article providesa detailed analysis of one of the mo.s/tgeneral methods
for solving integral equations—the mgthod of sticcessive approximations, also known as
the method of functional series. The step-by-step construction of the solution via a
sequence for a Volterra-type integral equation is discussed. The-conditions under which
the series converges absolutety-and uniformly are established, and the uniqueness of the
solution is proven. In addition to the theoretical foundation of the method,a uniqueness
and existence theoremfor the solution is also presented and proved.

Keywords: integral equation, functional series, successive approximations, uniform
convergence, unique solution, continuity. '

AHHOTAUMNA: B dawnnou cmamve nodpobHo paccmampusaemcs 00uH u3 Haubosee
00WUX Memooo8 peuleHus UHMEeSPAIbHbIX YPAGHEHUN — MemooO NOCAe008AMeNbHbIX
NPpUOIUdCEHULl, ™MO eCcmb Memoo @OYHKYUOHAIbHBIX psa00e. [lowazo6o u3102ceHo
nocmpoenue peuwleHus OJd  UHMeESPAIbHO20 ypaeHewus muna Boasmeppa ¢
UCNOIb308AHUEM NOCAeO08amebHoCmu QyHuKyutl. JJokasanvl yciosus, obecneuusarouue
abCoOOMHYI0 U PABHOMEPHYIO CXOOUMOCHb PAOA, A MAKIHCEe eOUHCMBEHHOCb DeleHUs.
Kpome mozco, npusooumcsa u Ooxasvieaemcs meopema 006 cywecmeosanuu u
€O0UHCMBEHHOCMU PeleHUs C meopemuieckuM 000CHOB8AHUEM OAHHO20 Memood.

KnwoueBble  cioBa:  uumezpanvHoe — ypasHeHue,  (DYHKYUOHANbHBIU  DAO,
nocnedosamenbHvle NPUOIUNCEHUS, PABHOMEPHAS CXOOUMOCMb, eOUHCMBEHHOE pelleHue,
Henpepvl8HOCMb.
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Kirish: Integral tenglamalar matematik fizika, muhandislik hamda boshqgatabiiy
fanlarda keng qo‘llaniladi. Ayniqgsa, chiziqli integral tenglamalarni yechish metodlari
matematik model qurishda muhim rol o‘ynaydi. Bunday tenglamalarning ko‘pgina
hollarda aniq yechimlari mavjud emasligi sababli ularni yechishning iteratsion usullari
ishlab chiqgilgan. Shulardan biri — ketma-ket yaqinlashish usuli bo‘lib, u orqali
tenglamaning yechimi funksional gator sifatida ifodalanadi.

Mazkur maqolada klassik ko‘rinishdagi chiziqli Fredgolm integral tenglamasi uchun
ketma-ket yaginlashish usuli asosida yechim topish yo‘li ko‘rib chigiladi. Bu usul
yordamida yechimni aniqlash nafagat matematik jihatdan asoslanadi, balki hisoblashlar
nuqtayi nazaridan ham qulaylik yaratadi. Metodning asosiy afzalligi —u orqgali gatorning
har bir hadi rekursiv tarzda aniglanadi va umumiy yechimga yaginlashadi. Bundan
tashqari, berilgan shartlar asosida yagona yechim mavjudligini kafolatlovchi teorema
ham keltiriladi. _

Integral tenglamalarniyechishninge}t umumiy usullaridan biri ketma-ket yaginlashsh
usuli yoki funksional gator yordamisbilan yec Ish usulidir.

Shunday qilib, ushbu i ”

ulx) = f(x) + Afa K(x,tu(t)dt = (1)
tenglama berilgan bo‘lib, bu yerda f (x) ozod had I(a < x < b) kesmada noldan fargli
uzluksiz funksiya; K(x,t). yadro P(a<x<b, a<t<b) sohada noldan fargli
uzluksiz funksiya; a, b, A laresa o °zgarmas haqigiy sonlar deb faraz qulnadl (A=0).
Berilgan (1) tenglamanmg yechl,mml quyldagl qator shaklida |zlaym|z
u()=u, () + A+ APu, 66) + - + ﬂf’u () (2)
bundagi u, (x),u,(x), ...,un(x),-'... lar nomalum funk3|yalar. Ularni shunday tanlab
olish kerakki, natijada (2) gator (1) integral tenglamaning yechimibo‘lsin.
Ana shu maqgsadda, (2) ni tenglamaning yechimi deb hisoblab, (1) tenglamaga
go‘yamiz:
o (%) + Aug () + 2uy(x) + .t A", (x)+ .

, b
f) + Af K(x, t) [ug(x) + Auy () + PPu,(x)+ ..1dt =

b b
FGO+ 2 j Ko, 0) ug(0)de + 22 j Ko, ) 1w, ()t ...

a
Biz (2) funksional gatorni biror intervalda tekis yaqinlashuvchi deb faraz gilamiz, shu

sababli uni hadlab integrallash mumkin. Bu ayniyatni ikki tomonidagi bir xil darajali A
larning koeffitsiyentlari tengbo‘ladi, ya’ni

uy(x) = f(x),
b
u, (x) = f K(x, t) uy(x)dt,

b
1, (x) = f K G D) uy (O)dt,
....................................... 3)

184

3



FEuropean science international conference:
MODERN EDUCATIONAL SYSTEM AND INNOVATIVE TEACHING SOLUTIONS

u, (@) = [ KGx, ) up_, ()d,

Endi bu ifodani yuqoridan boshlab birin-ketin o‘zidan keyingisiga qo‘yib chigamiz,
natijada quyidagi ifoda hosil bo‘ladi:
u,(x) = f(x),

b
0, () = f K(x, 0) F(Ddt,

b b
1, (x) = J K(x, j K(t,t,) £(t,)dt,dt,

un () = [V KGO [ K@ty o [ Kb gbny) f (e )by ... dtydt,
Mana shu ifodalar yordamida (2) qatornl ushbu
ul) = f) + 4
)1] K(x,t) f(t), +<‘l/f K(x, f Kt t)f(t),dt,dt +- (4)

ko‘rinishda yozish mumkin. Bu cheksiz gatorning umumiy hadi

) —— — _
un(x) = AnJ K(X, t)j K(t, tl)_[ K(t{n—z}'t{n—l})f(t{n—l})dt{n—l}'”dtldt
bo‘ladi. Yuqoridagi keltirilgan shartga-ko*ra;l kesmada hamda P sohada
fOl<N  #EFIN>0 K(x, ) <MiM > 0.
Bu yerdagi M va N o‘zgarmas haqigiy sonlardir. Shunga asosan (5) dan ushbu

— N

lu, )| < |A|"NM™(b —a)™ = N[|A|M (b — &)]"

tengsizlik hosil’ bo‘ladi. Malumki, o‘ng tomondagi. ifoda cheksiz kamayuvchi
geometrik progressiyaning, ya’ni yaginlashuvchi qatorning umumiy hadibo‘lishiuchun
g=1AIMb -0a) <1 |A|<M(b .
bo‘lishi shart. Shundagina (4) gator I intervalda absolyut va tekis yaginlashuvchi gator
bo‘ladi. Biz hozircha (4) gator (1) tenglamaning yechimi ekanligini ko‘rsatdik. Endi

undan boshqa yechimi yo‘qgligini ko‘rsatamiz. Buning uchun aksincha faraz gilamiz, yani
(1) tenglamaning yana bitta uzluksiz v(x) yechimi bor deb faraz gilamiz. U holda

b
0G0 = G + 2 j KCe, £) v(0)de.

buni (1) dan ayiramiz.
b
G0 = v(x) = j K(x, £) [u(x) — v(O]dt:
u() = v(x) =alx)

)
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deb belgilab olaylik. U holda yugoridagi tenglikni
a(x) = A [, K(x,0a(t)dt (6)
ko‘rinishida yozish mumkin. Malumki, a(x) ayirma I kesmada uzluksiz bo‘lgani uchun
chegaralangan bo‘ladi, ya’ni

lax)] <A  A>0.
shunga asosan

b
@GOl < 11 [ IKGx, O la(®lde < IMAG - o).
a
bundan foydalanib, (6) tenglikdan quyidagi tengsizlikni hosil gilamiz:
b
aCol < 11 [ KGOl a@]de < WMAG — @) = AU (b ~ @
a

buniyana (6) ga go‘yish natijasida
laC)kZ AIAPME(D — a)®
hosil bo‘ladi. Umuman, shu jara'yonni\n mérta takrorlasak,
|aGH < A[AIM (b = )] 0
hosil bo‘ladi. 7 A,
g=1AMb—-a).<1
bo‘lgani uchun, n cheksizlikka-intilganda, (7) ning o‘ng tomoni nolga intiladi. Shu
sababli a(x) = 0, yani'o(X):= u(x) bo‘ladi. Demak-ikkalayechimaslida bitta ekan.
Shunday qilib, quyidagi‘teorema‘isbot gilindi. - %

o~ ~euy
» ol

Teorema. Agar f(x) funksiyal kesfﬁada noldaﬁéfarqli, uzluksiz bo‘lib, ushbu
- I/1|<M(b—a) -
Tengsizlik bajarilsa, u holda

b
ulx) = fx) + Af K(x,t) u(t)dt |

tenglama I kesmada absolyut va tekis yaqinlashuvchi (2) gatordan iborat fagat birgina
yechimga ega bo‘ladi.
Misollar yechishda u,, u,, u,, ... larningifodalarini (3) formulalar yordamida topib,
so‘ngra ularni (2) gatorga qo‘yib chigish ishni osonlashtiradi.

Xulosa: Integral tenglamalarni yechishda ketma-ket yaqinlashish usuli ishonchli va
samarali metodlardan biri hisoblanadi. Ushbu maqolada bu usul asosida integral
tenglamaning yechimi funksional gator sifatida qurildi va uning konvergentligi shartlari
aniglandi. Yechimning mavjudligi va yagona ekanligi matematik asosda isbotlandi.
Ayniqgsa, ifodaning har bir hadi oddiy integral orqgali topilishi uni amaliy masalalarda
qulay qo‘llash imkonini yaratadi.

Natijalar shuni ko‘rsatadiki, agar berilgan yadroning qiymati va parametrlar orasida

. e M(b — a)-

)
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sharti bajarilsa, unda integral tenglama yagona va tekis yaginlashuvchi gator
ko‘rinishida yechimga ega bo‘ladi. Bu esa usulni matematik analizda ham, numerik
hisoblashlarda ham muvaffaqiyatli qo‘llash imkonini beradi.\
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