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Anotatsiya Ushbu tezisda Laplas tenglamasi uchun Koshi masalasi hamda issiglik
targalish tenglamasi uchun teskari’ Kﬁshl V%Ksalasining Fur ‘e usuli orqali yechimlari
ko ‘rib chigiladi. Bu masalalar matematlk fizikaning muhim turlaridan biri bo ‘lib, ular
amaliy fizik va muhandislik maﬁlalanda kerig' go ‘llaniladi. Lekin ular nokorrekt
masalalar toifasiga kirgani sababli, “kichik o ‘zgarishlar natijada yechimda katta
xatolarga olib keladi--Fur’e wusuli--orgali yechimlar -qurilib, yuqori chastotali
komponentlarning turg‘unlikka -ta’siri tahlil gilinadi. Shuningdek, masalaning
turg ‘unligini tiklash ‘magsadida Tixonov, regulyarlashtirish. usuli keltlrlllb optimal
parametr tanlash yondashuvlari-hamyoritiladi: Tezisda misollar, graflklar va formulalar
asosida nokorrektlikning mohlyatl tushUntlrlfadr va yechlmm bargarorlashtirish usullari
asoslanadi. - . . —

Kalit so‘zlar: Nokorrekt -masala, teskari masala, Fur’e-usuli, Laplas tenglamasi,
issiglik tenglamasi, Koshi masalasi, regulyarlashtirish;Tixonov funksionali, tur g ‘unlik,
spektral usul, parabolik tenglama, elliptik tenglama, yugori chastota, matematik fizika.

AHHOTAUUA B Odannoii mesucnou pabome pacemampusaemes 3adaua Koww Ons
ypasuenus Jlannaca u obpamnuas 3adava Kowwu: ons' ypasnenus menionposooHOCmMuU ¢
npumeneruem memooa DPypve. Omu 3a0auyu OMHOCAMCA' K YUCAY  BAICHBIX 3A0aY
mMamemamu4eckou uU3UKU U WUPOKO NPUMEHAIOMCS 8 NPUKIAOHbIX 340a4ax u3uku u
uHocenepuu. OOHAKO OHU AGIAIOMCS HEKOPPEKMHbIMU, MO eCMb YYE8CMEUMENbHbIMU K
HeOOMbUWUM USMEHEHUAM HAYAIbHbIX OaHHblX. [locmpoenvl ananumuyeckue peulenus c
uUcnonb3oeanuem  npeobpazosanus  Dypve U NPOAHATUBUPOBAHO  GIUAHUE
8bICOKOUACTNOMHBIX KOMNOHEHM HA YCMouuueocms peuienus. Takoce paccmampueaemcs
memoo pezynapuzayuu TuxoHosa 01 60CCMAHOBNEHUS YCMOUYUBOCMU peuleHUs], d
makoice Memoosl 8b160pa ONMUMATLHO20 napamempa. B pabome npusooamca npumepul,
epaguxu u popmynvl, noAcHAOWUE CYMb HEKOPPEKMHOCMU U 000CHO8AHUE MemOO08
CMaouIU3ayUU peueHus.

KioueBble ciaoBa: wexoppekmuas 3adaya, obpamuas 3aodaua, memood Dypuve,
ypasuenue Jlanaaca, ypaenenue menionpogoorocmu, 3aoaua Kowwu, pecyrsipuzayus,
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@ynxyuonan Tuxonosa, ycmoudu8ocms, CHEKMPAIbHbIUL Memoo, napaboiuieckoe
ypasHeHue, IIUNMUYEeCKoe ypasHeHue, blCOKAs Yacmoma, Mamemamuieckas Qusuka.

Abstract This thesis explores the Cauchy problem for the Laplace equation and the
inverse Cauchy problem for the heat equation using the Fourier method. These problems
belong to the class of ill-posed problems in mathematical physics and are widely applied
in practical physics and engineering. Due to their ill-posed nature, small perturbationsin
the input data can lead to large deviations in the solution. The Fourier method isused to
construct analytical solutions, and the impact of high-frequency components on stability
is analyzed. The thesis also presents the Tikhonov regularization method to restore
solution stability and discusses approaches to choosing the optimal regularization
parameter. Examples, graphs, and formulas are provided to illustrate the nature of ill -
posedness and the rationale behind stabilization techniques.

Keywords: ill-posed problem, |nve\rse plzi;lem Fourier method, Laplace equation,
heat equation, Cauchy problem, re uIa?lzat , Tikhonov functional, stability, spectral
method, parabolic equation, elliptic equatii')n, high frequency, mathematical physics.

Kirish

Matematik fizika tenglamalariga oid teskari masalalar ilmiy va amaliy sohalarda keng
go‘llaniladi. Ular yordamida fizikaviy parametrlarni tiklash, yashirin manbalarnl aniglash
va tomografik tasvirlash mumkin.‘Ushbu tezisda Laplas tenglamasi uchum Koshi masalasi
hamda issiglik tarqalish tenglamasi;ichun teSkari Koshi masalasi o‘rganiladi. Ushbu
masalalar nokorrekt masalalar toifasiga klradl ya’ni -ularning yechimlari mavjud
bo‘lmasligi, yagona bo‘lmasligi-yoki uzluksiz boglig bo‘lmasligi mumkin. Ularni
yechishda Fur’e usuli va regutyarlashtirish muhim rol ofynaydi.

Laplas tenglamasi uchun Koshi masalasi

Laplas tenglamasi

Laplas operatorivquyidagicha aniglanadi:

B ay
Koshi masalasi formulasi

Koshi masalasi uchun u(x,0) va %J(X,O) ma’lum bo‘lib, Q sohada u(x,y) ni topish

talab etiladi:
Au(x,y)=0, (x,¥)ew
u(x,0) = f(x),
ouloy(x,0)=g(x)
Fur’e usuli bilan yechimi
Cheksiz sohada masala uchun Fur’e integrali bilan yechim:

Uy =" [f(;)cosh(;y)+gf)smh(;y)}e‘“d;
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Nokorrektlik
Ko‘rinadiki, yuqori chastotali & lar uchun cosh(¢y) va sinh(&y) eksponensial o*sadi:

cosh(<y): %(e§y +e%Y)= Barqgarorlik yo‘q

Issiglik targalish tenglamasi uchun teskari Koshi masalasi
Tenglama

Issiglik tenglamasi (parabolik tur):

ou _ kil;l

ot OX

Teskari Koshi masalasi formulasi

Berilgan u(x,T) = f(x) orgali u(x,0) nitopish kerak.

Bu masala teskari vaqtli masala bo‘lib, nokorrekt hisoblanadi.
Fur’e usuli bilan yechimi

Tenglamaning Fur’e transformatSIya\qnga‘ni(o rinishi:
(S ) =u(S T)e D L 2 )
Teskari yo‘nalishda (t <T ) quyidagicha bo‘ladi:
Bu yerda yuqori chastotalar eksponensial ravishda kuchayadi.
Nokorrektlik
Agar u'(¢,t) da kichik nugson bo‘lsa,.u!(<,0).da.bu xatolik katta bo‘ladi.
Masalan: a1l L R
e(¢): 10° =e(0)e™ 2 1 bo I|Sh1 mumkm
Regulyarlashtirish — .
Tixonov funksionali :
Teskari masalani yechish-uchun: -~
J) =l Au—f I +a Il Rull?
A —asosiy operator (masalan, issiglik tenglamasi bo‘yicha)
a — regulyarlashtiruvchi parametr
R — silliglashtiruvchi operator
Optimal « tanlash
Discrepancy Principle
GCV (Generalized Cross Validation)
Kompyuter simulyatsiyasi (misollar bilan)
Laplas masalasiga misol

. ou
IO = ) ~ )O :O
u(x,0) =sin(xzx) 6’y(x )

Fur’e transformatsiyasi orgali:
u(x,y) = sin(zx)cosh(zy)

Chunki cosh(zy) judatez o‘sadi:
Agar y=2= cosh(rzy)= 267
Issiglik tenglamasi misoli
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u(x,T)=e* =u'(£,T)=e*"
Teskari yechim'
u(x,T)=e<".eT — eksponensial o‘shish
Xulosa

Fur’e usuli tahliliy yechim uchun qulay, ammo nokorrekt masalalarda eksponensial
o‘sish sababli beqgaror.

Laplas va issiqlik tenglamasi uchun teskari masalalar aniqg fizik modellarni tiklash
uchun ishlatiladi.

Bunday masalalarda regulyarlashtirish metodlari majburiy go‘llanilishi kerak.
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